A theoretical study of the dynamics of Rydberg atoms in a microwave cavity driven by a strong bichromatic field is presented. The resonator is assumed to operate in the low-Q regime. As a consequence, photons emitted by the atoms are dissipated in the cavity walls during the interaction time of the atoms inside the resonator. In this situation the cavity 6eld follows the atomic dynamics adiabatically. The transient behavior of the system is analyzed in terms of Floquet states and cavity-induced transition rates between these states are calculated for a large range of parameters of the bichromatic 6eld. Narrow resonances are found in the transition rates, in agreement with recent experimental investigations of cavity Rydberg atoms subjected to strong bichromatic driving. We explain in detail the structure of the resonances, which is determined by the frequency-dependent cavity-mode density as well as the Rabi frequencies of the applied 6elds. The intensity-dependent shifts of the resonance frequencies are also calculated and found to be largely insensitive to inhomogeneous broadening. Finally, the numerical results are compared with experimental observations.
I. INTRODUCTION
Following Mollow's classic work [1] on the radiative characteristics of an atom driven by a monochromatic Geld, the dynamic behavior of atoms interacting with a bichromatic Geld has recently been studied both theoretically and experimentally. The bichromatic nature of the driving field leads to a number of new features in the field radiated by the atom that are not present in the single-&equency case. With monochromatic driving, for example, the fluorescence emitted by a two-level system shows a resonance when the excitation &equency is tuned to the atomic &equency. This resonance is power broadened when the intensity of the field is increased. In a bichromatic Geld, on the other hand, the fluorescence intensity exhibits well-defined resonances as a function of either the Rabi &equencies or the beat frequency of the two components of the driving Geld. These resonances have been verified experimentally [2, 3] . Also the spectrum of fluorescence emitted by an atom in a bichromatic Geld is much richer than that observed in the monochromatic case [4, 5] . There is a large number of sidebands, separated by the modulation kequency of the driving field amplitude. Again, experimental results agree with the theoretical predictions from Bloch equations with a bichromatic field [6, 7] .
It must be emphasized that existing theoretical and experimental work on resonance fluorescence in a bichromatic Geld is restricted to the steady-state behavior of atoms in Bee space. However, it was already realized in 1946 by Purcell [8] that spontaneous emission is strongly influenced by the mode density distribution of the elecPermanent address: School of Physics, University of Hyderabad, Hyderabad 500 134, India. tromagnetic environment, even if no external fields are applied. If an atom is placed in a resonant cavity, the density of modes at the transition frequency is much higher than in &ee space, which leads to an enhanced spontaneous emission rate. Conversely, when the cavity is detuned &om the atomic resonance, decay is inhibited since there is no field mode available for the atom to interact with. Both enhancement and inhibition of spontaneous emission have been observed in the optical domain [9] , with microwave transitions between highly excited Rydberg levels [10, 11] , as well as in the in&ared spectral region [12] . When a monochromatic driving field is applied to an atom in a cavity, additional effects occur. The atomic dynamics in the presence of a frequencydependent mode density leads to the suppression of spontaneous emission [13, 14] even when the atoms and the cavity are in resonance.
The remarkable phenomena found in interactions of atoms with bichromatic Gelds, on the one hand, and cavity-related phenomena, on the other, provided the stimulus for the present analysis of the interplay between cavity-modified dynamics and bichromatic driving.
A further motivation was the need to examine the transient behavior of atoms in the event of Rabi evolution and radiative decay being equally important [15] . Transient effects are particularly relevant to the dynamics of Rydberg atoms in cavities, where no steady state is reached during the interaction time due to the long radiative lifetimes involved.
The present work provides a theoretical interpretation of experiments at Max-Planck-Institut fiir Quantenoptik in Garching [16] for investigating the dynamics of Rydberg atoms in a microwave cavity driven by an intense bichromatic Geld. The paper is organized as follows. In Sec. II we lay the theoretical foundation for studying the cavity quantum electrodynamics of a Rydberg atom in a bichromatic Geld [19, 20] 
Only the constant components of the transition rates will be retained. 
where f denotes the Laplace transform of f(7 
-(@+IG(t -r) I@+)g -IG+(t) 10 We will therefore concentrate on the decay rate I'ii --I' + I' (3.12) which is the analog of the longitudinal relaxation rate in the standard Bloch equations.
By using Eq. (3.7) the transition rate r~~c an be written in terms of the Floquet eigenvector components:
It is met at avoided crossings of the Floquet levels. Consequently, a maximum contribution of the numerator to the decay rate r~~i n Eq. (3.13) is expected when the quasienergy levels undergo an avoided crossing.
A nonzero dipole coupling only occurs when P = p -q is an even number. Therefore, in second. -order perturbation theory, only transitions with even P contribute to fluorescence. If, however, terms up to order g are included in the calculation of the transition rate, resonances generated by multimave mixing can occur. They are found at either avoided crossings or crossings of the Floquet levels, the latter corresponding to nonzero matrix elements involving odd values of P. Equation (3.13) is the central result of our analysis, allowing us to study cavity-induced decay of the population difference in the Floquet basis. In Sec. IV we evaluate effect is analogous to the dynamic suppression of spontaneous emission by a monochromatic field [13, 14, 21 Figure 3 shows (a) two adjacent avoided crossings of the Floquet levels as well as (b)
the dominant eigenvector components ni, "g of~@ +) and ). It is obvious that the structure of the eigenvectors undergoes a significant change at the avoided crossing. The reason is that each of the levels involved picks up a contribution &om the other level. In Fig. 3(c) Fig. 5(a) , where e and the adjacent quasi- [ Fig. 6(a) ]. The fact that the peaks of cavity enhancement, on the one hand, and coupling between the Floquet levels, on the other, no longer coincide leads to a substructure of the total decay rate I'II. In the example of Depending on the width of the avoided crossing and the size of b, other line shapes can occur. Some typical examples are shown in Fig. 7 . Again, the contribution of the cavity resonance and the coupling between the Floquet levels are shown separately to clarify the origin of the structure in I'II. It is apparent that the width of the resonances in the transition matrix element decreases inversely proportionally to the level splitting at the corresponding avoided crossing [ Fig. 7(c) ]. This leads to extremely sharp lines as the cavity resonance is approached. The change in the double peak structure of the resonance denominator [ Fig. 7(b) ] is less dramatic, as long as the resonance condition b = 2e can be fulfilled.
Otherwise there is only a broad single peak with a decreased amplitude. The resulting cavity-induced decay rate is presented in Fig. 7(d Fig. 6 for an explanation). The parameters are the same as those of Fig. 4 . Generally, with increasing intensity, the strength of a given resonance in I'~~slowly diminishes. Simultaneously the contribution of the neighboring resonance, further away &om the cavity &equency, increases, so that electively the center of gravity of the peaks in the decay rate slowly shifts to larger detunings &om the cavity-line. In the experiment always the largest resonance should be detected.
This agrees precisely with the observed behavior. Section V shows that the experimental peaks follow a certain curve, which is represented by small circles in Fig. 12 . At small intensities, this curve coincides with the calculated intensity-dependent shift of the resonances. At larger field strengths, the curve interpolates very well the dominant peaks in I'~~. Figure 13 , on the other hand, shows the behavior of the decay rate when the amplitude Oz of the second driving 6eld with a 6xed &equency is varied. In this situation a difFerent structure of the decay rate is found. As the intensity is increased, the system does not follow a certain resonance, but jumps to a neighboring avoided crossing closer to the cavity center, which corresponds to a larger number of photons involved in the transition. The higher-order resonances become increasingly narrow until they cannot be resolved any more. Therefore, the location of the corresponding maxima in Fig. 13 is marked by crosses. The solid line is the experimental curve presented in Sec. V. The agreement between the experimentally determined shifts of the resonances and the calculated behavior of I'~I confirms the central role of cavity-enhanced transitions among Floquet states in the system under study.
C. ERects of inhomogeneous broadening
Finally, we brieBy discuss the eR'ects of inhomogeneous broadening on the transition rates among Floquet states.
The problem is again solved numerically.
In Rydberg atom experiments, the main source of inhomogeneous broadening are Stark shifts from electric stray fields. As a simpli6cation we assume that a given atom experiences a constant Stark shift during interaction with the cavity 6eld. In this case the decay rate I'~~may be calculated for a fixed atomic &equency. Afterwards an average over a Gaussian distribution of frequencies is taken to obtain an estimate of the decay rate in the presence of inhomogeneous broadening.
In Fig. 14(a) the decay rate I'ii is shown as a function of the &equency shift of the atomic line. The decay rate is again represented as a density plot. With the exception of the two broad outer peaks, the position of the resonances changes little as the atomic &equency is varied. This is not surprising since the structure of the Floquet levels is governed by light shifts and only marginally depends on the energy separation of the unperturbed atomic states involved.
Weighting the results with a Gaussian of width m and integrating over the atomic frequency shift, we obtained the inhomogeneously broadened spectra compiled in Fig. 14(b) . In this example there is only small broadening and practically no shift of the resonances, even if the inhomogeneous width m is as large as 50K. This explains why in the experiment narrow lines were observed in spite of the presence of substantial inhomogeneous broadening. Figure 15 shows an example of a broadened atomic line leading to additional structure in the decay rate. This is the case when, due to inhomogeneous broadening, the transition &equencies for a subset of atoms are shifted such that condition (3.15) is fulfilled. As a consequence, strong decay occurs and a second maximum appears, which may become larger than the original peak in the absence of inhomogeneous broadening. In this way, broadening of the atomic line can oH'er the system a wider range of possibilities to undergo cavity-enhanced decay, Fig. 15 Fig. 7) , there is an upper boundary to the multiphoton order N that can be resolved experimentally. In Ref. [16] resonances up to N = 37 could be observed (see Fig. 19 ).
According to these theoretical considerations, spectra should be dominated by a single pair of resonances when the ft. equency ui is tuned across the cavity resonance.
All other resonances are either suppressed by the cavity or too narrow to be resolved. This is precisely confirmed by the experimental results, a typical example being presented in Fig. 17(a) . For comparison, Fig. 17(b Figure 18 shows a pair of resonances only 1 kHz wide, which is narrower than the cavity linewidth and the inverse transit time of the atoms.
Interestingly, driving field parameters can be found, for which several pairs of resonances appear in the experimental spectra. An example is shown in Fig. 19 . As indicated in the figure, the inner narrow resonances correspond to a much higher multiphoton order than the broad outer peaks. The decreasing width of the resonances towards the cavity frequency is in agreement with the theoretical prediction for the decay rate 1~~as can be seen ft. om Fig. 7 .
In Sec. IVB the dependence of the multiphoton resonances on the intensities of the driving fields was calcu- ' ' in such a way that the intracavity Rabi Fig. 12 the empirical condition, represented by small circles, follows a certain multiphoton resonance for a large range of input intensities of the first field before crossing over to a stronger neighboring resonance. In Fig. 13 [23] had also examined the response of a two-level system driven by a strong bichromatic Geld in a cavity. They developed a numerical method to treat the interaction between the cavity-field and the atom without the Born approximation.
